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N1-
N2-
N3-
N4-

 

0

0.2

0.4

0.6

0.8

1

0.3 0.4 0.5 0.6 0.7 0.8 0.9
x

(a) Shape functions N−
ξ

N1+
N2+
N3+
N4+

 

0

0.2

0.4

0.6

0.8

1

0.3 0.4 0.5 0.6 0.7 0.8 0.9
x

(b) Shape functions N+
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Figure 4.15: Debonding enrichment for a single crack using a local mesh (xξ = 0.6, r = 0.3,
2 enrichment elements).

where d−f,1 and d+
f,1 denote the degrees of freedom associated with the approximation

functions causing a jump of the reinforcement �eld on either side of the crack. In Fig. 4.15
the corresponding enrichment functions are denoted by N−1 and N+

1 . The kinematic
constraint is used in the formulation of a transformation matrix T mapping the initial
discretization into the constrained one by eliminating d−f,1

dΨ,1
...

dΨ,nΨ

d−m,1
...

d+
m,nm

d−f,1
d−f,2
...

d−f,nf

d+
f,1
...

d+
f,nf



=



1
. . .

1

1
. . .

1

2N s(xξ) 0 · · · 0 0 · · · 0 1 0 0

1
. . .

1

1
. . .

1





dΨ,1
...

dΨ,nΨ

d−m,1
...

d+
m,nm

d−f,2
...

d−f,nf

d+
f,1
...

d+
f,nf



(4.79)

or {
dΨ

dω

}
= Tde (4.80)
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With the help of the transformation matrix T the discretization becomes

ũe = N ede (4.81)

with

N e =

[
Nm

N f

]
=

[
N sΨ Nm

ω 0

N sΨ 0 N f
ω

]
T . (4.82)

Eq. (4.81) can also be written as

ũm = Nmde (4.83)

ũf = N fde (4.84)

Fig. 4.16 illustrates the e�ect of the constraint on the local approximation of the reinforce-
ment displacement �eld. The constrained enrichment is continuous over xξ by design.

–1

–0.5

0

0.5

1

0.2 0.4 0.6 0.8 1
x

(a) Unconstrained functions. The colored lines show the four functions with jumps.
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(b) Continuous functions after constraint. The modi�ed functions are shown in color.

Figure 4.16: (a) Unconstrained enrichment functions and (b) set of enrichment functions for
the reinforcement after recovering the continuity of the approximation �eld (xξ = 0.6, r = 0.3).
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4.5.3 Variational form and linearization

Inserting the decomposed �elds (4.69) into the general variational formulation (4.11) yields

(δus,x, Emus,x + Emũm,x)Ω + (δũm,x, Emus,x + Emũm,x)Ω +

(δus,x, Efus,x + Ef ũf,x)Ω + (δũf,x, Efus,x + Ef ũf,x)Ω −

(δũm, τmf)Ω + (δũf , τmf)Ω −

(δus, t̄m)Γtm
− (δũm, t̄m)Γtm

− (δus, t̄f)Γtf
− (δũf , t̄f)Γtf

= 0.

(4.85)

With the global approximation (4.71) and the constrained local approximations (4.83)
and (4.84) we can again substitute the �elds us, um and uf yielding

δdTs
(
BT

s , EmBsds + EmBmde

)
Ω

+ δdTe
(
BT

m, EmBsds + EmBmde

)
Ω

+

δdTs
(
BT

s , EfBsds + EfBfde

)
Ω

+ δdTe
(
BT

f , EfBsds + EfBfde

)
Ω

−

δdTe
(
NT

m, τmf

)
Ω

+ δdTe
(
NT

f , τmf

)
Ω

−

δdTs
(
NT

s , t̄m
)

Γtm
− δdTe

(
NT

m, t̄m
)

Γtm
− δdTs

(
NT

s , t̄f
)

Γtf
− δdTe

(
NT

f , t̄f
)

Γtf
= 0.

(4.86)

Separation of variables results in

δdTs [
(
BT

s , EmBsds + EmBmde

)
Ω

+
(
BT

s , EfBsds + EfBfde

)
Ω
−(

NT
s , t̄m

)
Γtm

−
(
NT

s , t̄f
)

Γtf
] +

δdTe [
(
BT

m, EmBsds + EmBmde

)
Ω

+
(
BT

f , EfBsds + EfBfde

)
Ω

−
(
NT

m, τmf

)
Ω

+
(
NT

f , τmf

)
Ω

−
(
NT

m, t̄m
)

Γtm
−

(
NT

f , t̄f
)

Γtf
] = 0.

(4.87)

Since the left-hand side of Eq. (4.87) must vanish for arbitrary variations of δds and δde

the following system of equations must be ful�lled

Rs =
(
BT

s , EmBsds + EmBmde

)
Ω

+
(
BT

s , EfBsds + EfBfde

)
Ω

−
(
NT

s , t̄m
)

Γtm
−
(
NT

s , t̄f
)

Γtf
= 0

Re =
(
BT

m, EmBsds + EmBmde

)
Ω

+
(
BT

f , EfBsds + EfBfde

)
Ω

−
(
NT

m, τmf

)
Ω

+
(
NT

f , τmf

)
Ω
−
(
NT

m, t̄m
)

Γtm
−
(
NT

f , t̄f
)

Γtf
= 0.

(4.88)
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With

Dss = Em + Ef ,

Dse = {Em, Ef},

Des = DT
se and

Dee =

[
Em 0

0 Ef

] (4.89)

the summation in Eq. (4.88) can be rewritten more compactly as

Rs =
(
BT

s , DssBsds +DseBede

)
Ω
−
(
NT

s , t̄
)

Γt
= 0

Re =
(
BT

e ,DesBsds +DeeBede

)
Ω

+
(
NT

f −NT
m, τmf

)
Ω
−
(
NT

m, t̄m
)

Γtm
−
(
NT

f , t̄f
)

Γtf
= 0.

(4.90)

Linearizing with respect to the unknowns ds and de yields

R̂s ≈ Rs(d̄s, d̄e) +
∂Rs(d̄s, d̄e)

∂ds

∆ds +
∂Rs(d̄s, d̄e)

∂de

∆de

R̂e ≈ Re(d̄s, d̄e) +
∂Re(d̄s, d̄e)

∂ds

∆ds +
∂Re(d̄s, d̄e)

∂de

∆de

(4.91)

Using the standard matrix notation the system is expressed as[
Kss Kse

Kes Kee

]{
∆ds

∆de

}
= −

{
Rs

Re

}
(4.92)

with the components of the sti�ness matrix evaluated to

Kss =
∂Rs(d̄s, d̄e)

∂ds

=

∫
Ω

BT
s DssBsdΩ (4.93)

Kse =
∂Rs(d̄s, d̄e)

∂de

=

∫
Ω

BT
s DseBedΩ (4.94)

Kes =
∂Re(d̄s, d̄e)

∂ds

=

∫
Ω

BT
eDesBsdΩ (4.95)

Kee =
∂Re(d̄s, d̄e)

∂de

=

∫
Ω

BT
eDeeBedΩ +

∫
Ω

(Nm −N f)
TDτ (Nm −N f)dΩ (4.96)

In the derivation of the bond sti�ness in Eq. (4.96) the chain rule was applied as follows

∂τmf

∂de

=
∂τmf

∂s

∂s

∂de

= Dτ
∂(−um + uf)

∂de

= −Dτ (Nm −N f)

(4.97)



60 CHAPTER 4: CRACK BRIDGE ENRICHMENTS

The right hand side of the system equation (4.92) i.e. the internal and external forces can
be directly evaluated from Eq. (4.90).

From the structure of the linearized problem it becomes obvious that the non-linearity
arises from the evolving shear forces and sti�ness. Note that in contrast to the crack-
centered analytic approach there are no special unknowns requiring treatment in the
solution procedure (see Sec. 4.4.3, debonded length a). Here, the linear system has the
conventional structure and can be solved for example with standard Newton-Raphson
algorithm.

It should be noted, that suitable integration schemes must be applied in the numeric
evaluation of the above integrals. Using quadratic polynomials in the choice of the en-
richment approximation, renders the bond sti�ness integrand in Eq. (4.96) a forth order
polynomial. Additional care must be taken in the integration of the mixed global-local
terms in (4.94) and (4.95): Integration cells must be chosen that respect element borders
both in standard and enrichment mesh.

4.5.4 1D example

The approach shall be demonstrated by means of the sample problem that was �rst
introduced in Sec. 4.3.3: A composite bar with a single prede�ned crack is clamped at
one end (x = 0) and loaded with a tensile force at the other (x = 1). The parameters
given in Table 4.1 are retained unchanged. On the global level, the discretization is build
using a single bar element with linear shape functions. For the local mesh we choose a
crack-centered enrichment with 5 enrichment elements per side and material layer.

The present approach has been developed for arbitrary bond laws such that we are free
in its choice now. In order to compare the results to the earlier approaches, we compute
the example twice: First, a constant bond sti�ness Dτ = 100 is assumed just like in
the example for the global two-�eld approach (cf. Sec. 4.3.3). Then, the same problem
is solved for constant shear stress τmf = 2.0. This allows for direct comparison to the
crack-centered analytic approach as applied in Sec. 4.4.4.

Fig. 4.17 shows the displacement, strain and stress �elds for the �rst case (constant bond
sti�ness). As can be seen, the results are far superior to those computed with the global
two �eld approach of Sec. 4.3. Additionally, less degrees of freedom are required (42 versus
62) such that the present approach should obviously be preferred.

The crack-centered analytical approach (cp. Sec. 4.4) is restricted to bond laws with con-
stant shear stress. In order to compare the approaches, the present example is recomputed
for this case. Fig. 4.18 depicts the resulting displacement, strain and stress �elds. It is
known from the analytical solution of the shear lag problem (Appendix A) that the stress
and strain �elds are linear and the displacement �eld is quadratic over the length. With
the present approach, the results are not as smooth as in the analytical counterpart but
nevertheless exhibit a high quality especially in the vicinity of the crack. The number of
DOFs is larger than that of the analytical approach (42 versus 5) but the crack-centered
rough approach is by far more �exible than the analytical one: We can easily exchange
the bond law because we do not need a speci�c analytical solution. Additionally, we avoid
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Listing 8.4 shows the realization of the described proceeding in the framework of adaptive
strategies. Again, the sub-tasks (re�nement, switch of element types et cetera) are not
detailed. The implementation is lengthy but straight-forward. Instead it should be noted,
that the relevant aspects of the strategy can be written down in only a few lines of code
using the prescribed interface.

Fig. 8.9 depicts the initial discretization of the shear zone example (right after the mesh
has been adapted to the marker grid in the initialize_strategy() method). Fig. 8.10 shows
the stress magnitude in the reinforcement for the last load step just before global failure.
Note the additional h-re�nement in the vicinity of the cracks. The distribution of matrix
strains is depicted in Fig. 8.12. The slip �eld is visualized in Fig. 8.11. With the described
method the slip could be quanti�ed and hence it was possible to identify th critical zones.

Although this application is very di�erent from a standard simulation, there was no need
to modify the time stepping algorithm. With a few lines of code the time loop was
con�gured with the additional control features. Also note that the application speci�c
features are collected in a single place, namely the strategy. This property is known as
�locality of implementation� and greatly improves code maintenance.

Figure 8.9: Initial discretization corresponding to the photogrammetric grid of markers.

Figure 8.10: Magnitude of reinforcement stress plotted on the re�ned mesh.
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Figure 8.11: Distribution of slip magnitude plotted on the deformed �eld.

Figure 8.12: Distribution of matrix strain magnitude.
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